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Abstract 

This is the second part in a series of papers presenting a theory of 
tensor products for module categories for a vertex operator algebra. In 
Part I ( hep-th / 9309076| ) , the notions of P(z)- and Q(z)-tensor product 
of two modules for a vertex operator algebra were introduced and 
under a certain hypothesis, two constructions of a Q(z)-tensor product 
were given, using certain results stated without proof. In Part II, the 
proofs of those results are supplied. 
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The present paper (Part II) is a continuation of |[HL|| (Part I), to which 
the reader is referred for the necessary background, including references. In 
Part I, the notions of P(z)- and Q(2;)-tensor product of two modules for a 
vertex operator algebra were introduced and under a certain hypothesis, two 
constructions of a Q(z)-teasor product were given based on certain results 
(Proposition 4.9, Proposition 5.2, Theorem 6.1 and Proposition 6.2) stated 
without proof. In Part II, we supply the proofs of these results. 

We fix a vertex operator algebra V and V^-modules (Wi, Y"i), (W2, Y 2 ) and 
(W 3 , Y3). We add y,yx,y2, ... to our list of commuting formal variables in 
Part II. The numberings of sections, formulas, etc., continue those of Part I. 

Part II is organized as follows: Section 7 proves that the spaces of inter- 
twining operators of certain types are isomorphic (Proposition 4.9). Section 
8 is devoted to the proof of the commutator formula for the vertex operators 
defined in Section 5 (Proposition 5.2), and a related remark pointing out 
that the commutator formula and Proposition 5.1 in fact come from analo- 
gous properties of an action on the vector space W\ ® Wi. In Section 9, we 
derive some formulas involving vertex operators and the Virasoro operators 
on the dual space of the tensor product vector space of two modules. In 
Section 10, we prove Theorem 6.1, asserting the Jacobi identity for the ver- 
tex operators acting on a certain subspace of this dual space, and in Section 
11, we establish Proposition 6.2, stating the invariance of certain subspaces 
under these operators. 

7 Isomorphisms between certain spaces of in- 
tertwining operators 

In this section we prove various results, including Proposition 4.9, establish- 
ing isomorphisms between certain spaces of intertwining operators. These 



results are all simple generalizations of the corresponding results in [|FHL 
where only the monodromy-free case was considered. 

Let y be an intertwining operator of type (^^J. For any complex 

number ( and any wm G Wi, y(wm, y) is a well-defined element 

y n =e n ^x n , nGC 

of Hom(W / 2 , W / 3 ){x}. We denote this element by y(w(i),e^x). Note that 
this element depends on (, not on just e^. Given any r G Z, we define 
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tt r (y) : W 2 ® Wi -> W 3 {x} by the formula 



^r(J)(w(2),a;)w(i) 



y( W( i),e( 2r ' +1 ^x)«; (2) . 



(7.1) 



for it)(i) e and to (2) € W2. 

Proposition 7.1 TTie operator Q r (y) is an intertwining operator of type 
{vZm)- Moreover, 

J]_ P -l(ftrCy)) = fir(n-r-l(y)) = 3>. (7.2) 

In particular, the correspondence y i— > fi r (3^) defines a linear isomorphism 
from Vwfw 2 to ^wwi> anc? U7e /iai ' e 



(7.3) 



Proof The proof of this result is a straightforward generalization of the proof 
of Proposition 5.4.7 in ||FHL|| . The lower truncation condition (2.44) is clear. 
From the Jacobi identity 



x H 



xi-y 

x 



Y 3 (v,x 1 )y(w {1) ,y)w {2 ) 

y(w(i),y)Y 2 (v,xi)w(2) 



-x Si 

V -xq 



-1; I %1 ~ %0 



y~ l S 



y(Y 1 (v,x )w (1) ,y)w (2) 



(7.4) 



for y, we obtain 



x -i S (^JL) e-y L ^Y,{v,x l )y{w {l) ,y)w {2) 

\ Xn / 



•'■0 



?/ n =e n(2r + l)7ri :r n ngc 



-X n 8 



-X 



) y{w{i),y)Y 2 {v,x 1 )w {2) 



y n =e n(2r + l)7ri x n ngc 



! / Xi ~ Xq \ y L (-l) 



y(Y 1 (v,x )w {1) ,y)w {2) 



n =e n(2r + l)7vi x n n £ £ 



• (7-5) 



The first term of the left-hand side of (7.5) is equal to 



x Q x S 



xi-y 



Y 3 (v,x 1 -y)e- yL ^y(w {1) ,y)w 



Xn 1 S 



(X\ + x 2 



V x 



Y 3 (v, x )tt r (y)(w( 2) ,x 2 )w (1) , 



the second term is equal to 

-x^S (— — — —J tt r (y)(Y 2 (v,x 1 )w(2),x 2 )w {1) 

V — Xq J 

and the right-hand side of (7.5) is equal to 

~ x z l5 fi r(3 ; )(w(2),a;2)> / i(w,a;o)w(i). 
Substituting into (7.5) we obtain 

x x 5 ( — +X2 \ Y 3 (v,x )tt r (y)(w {2 ), x 2 )w {1) 

\ Xq J 

-x x 5 ( X2 + Xl \ Q r (y)(Y 2 (v, x{)W(2), x 2 )w(i) 

\ Xq J 

= -x 2 x b (— — — J Q r (y)(w( 2 ),x 2 )Y 1 (v,x )w( 1 ), (7.6) 
V ~x 2 / 

which by (2.6) is equivalent to 

xi 1 ^ (^ X ° - X2 ^j Y 3 (v, x )Q r (y)(w i2) , x 2 )w(i) 

-X^5 { ^ 2 _ x X ° ^j ^r{y){W(2),X 2 )Yx(v,Xo)w^ 
= X 2 X b ( J° x Xl ^j Qr(y)(Y 2 (v, Xi)W( 2 ), X 2 )W(i). (7.7) 

This in turn is the Jacobi identity for Q r (y). The L(—l) -derivative property 
of £l r (y) is easily proved as in the proof of Proposition 5.4.7 of [|FHL|| . The 
identity (7.2) is obvious from the definitions of ft r (y) and D,_ r _i(y). □ 

Remark 7.2 As Propositions 4.7 and 7.1 suggest, for each triple si, s 2 , s% G 
Z the intertwining operator y gives rise to an intertwining operator y[ Sl , S2 .s 3 } 
of the same type, defined by 

^h,!) = e 2s - ii (°)y(e 2s2mL(0) W ( 1 ),x)e 2s3mL ( ) (7.8) 

for it)(i) e Wi; it is easy to see that 3^[si,s 2 ,s 3 ] is again an intertwining operator. 
We have ^[0,0,0] = y and for r 1 ,r 2 ,r 3 ,s 1 ,s 2 ,s 3 e Z, 

(7.9) 
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For any a G C, we have the formula 

e aL{0) y{w {l) , x)e~ am = y{e aL(0) w (lh e a x) (7.10) 

whose proof is similar to that of formula (5.4.22) of |FHTJ. From this formula, 
we see that (7.2) generalizes to: 

s+l,-(r+s+l),-(r+3+l)] 

= y(. je 2{r+s+1)ni -). (7.11) 

Given an intertwining operator 3^ of type and an integer r G Z, 

we define the r-contragredient operator ofy to be the linear map 

W l ®W^ -> W 2 '{z} 
W(i)®w[ 3) i-> A^)^!),^)^) (7.12) 

given by 

(4-(y)(w(i),a0w(3)>W(2))wi, = 

H^J^' 1 ^ 2 ^^^)^- 1 )^^)^, (7.13) 

where u>i G Wi, u>2 £ W2, ^(3) £ W7 3 \ an d (v)w 2 an d (v)w 3 are the pairings 
for W2, W2 and for W3, W3, respectively. Note that for the case W\ = V and 
W2 = W3 = W, the operator A r (y) agrees with the contragredient vertex 
operator y (recall (2.48), (2.49)) for any r G Z. 

Proposition 7.3 The r-contragredient operator A r (y) of an intertwining 
operator y of type [y^^A is an intertwining operator of type (J^^j . More- 
over, 

A^Ariy)) = A r (A-r-i(y)) = y. (7.14) 

In particular, the correspondence y t— > A r (y) defines a linear isomorphism 
from Vwlw 2 to ^wlw^ and we have 
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Proof The proof of this result is a straightforward generalization of the 



proof of Theorem 5.5.1 and Proposition 5.5.2 in [ FHL . The lower truncation 



condition (2.44) being easy to verify, we want to prove the identity 

(x^S (— — — ) Yl(v,x 1 )A r (y)(w il ),x 2 )w' i3) ,W(2))w2 

\ Xq J 

— I A r (y)(w( 1 ), x 2 )Y 3 (v, xi)w[z Y W(2))w 2 

Xq J 

= (x 2 1 S ( Xl X2 X ° ) A(y)(Yi(v, x )w {1) , x 2 )w[ 3) ,w {2) ) W2 . ( 7 - 16 ) 

But by the definitions (2.49) and (7.13) we have 

(Y 2 (v, x 1 )A r (y)(w {1) , x 2 )w[ 3) , w {2) )w 2 = 

Y 2 {e*^\-x?) L ^\,x?)w m ) W3 , (7.17) 

(A r (y)(w (1) ,x 2 )Y 3 \v, Xi)w[ 3) ,w {2) ) W2 = 
= (w{ 3) ,Y 3 (e xlHl) (-xI 2 ) L (%,x^). 

.y^We^ 1 ^^ )^,,^- 1 )^)^, (7.18) 

(A r (y)(Y 1 (v, x )w (1) ,x 2 )w[ 3) ,W( 2) ) W2 = 

= (w{ 3) ,y{e^e^)™m x fm Yi{v ^ 

and from the Jacobi identity for y we have 

.y 2 ( e ^Mi)(_ xr 2 ) L(0) U):c -i )w(2))wg 
= (w{ 3) , {x-^YH l ^ + ^/^A y {Yl {e^{-xf)^\ -x /x lXi ) ■ 



2 



■e X2 



6 



or equivalently, 

-(w{ 3) ,x^5 ( X -l—^l) Y 3 (e^\-x^%,x^)- 

\ —Xq / 

. el!i (l) e (HlM0)^(0) W(i)il2>(2)) ^ 

Substituting (7.17), (7.18) and (7.19) into (7.16) and then comparing with 
(7.21), we see that the proof of (7.16) is reduced to the proof of 

x -i S (^*±^°) ^(e^ L(1) e^ +1 ) mL (°)a ;2 ~ 2L(0 V 1 (t;, a ;o) W ( 1 ),x 2 " 1 ) 

= x?6 (^f 2 ) yW^i-x^Wv, -x /x lX2 ) ■ 

■e x ^e^ r+1 ^ iL ^x^ m w {1) ,x^), (7.22) 

or of 

y(e x a L(l) e (2r+l) W iL(0) a .-2L(0) yi(u> = 

= y(Yi(e^ + *°) L «(-(:r 2 + x )- 2 ) L(, V -^0/(^2 + ^o)a: 2 ) • 

. e , 2 L(i) e (2 r+ i)^(o )a ,-2L(o) W(i ^-^ (7>23) 

We see that we need only prove 

^(l) e (2r+l)^(0) a .j2L(0) yi(u>a . o) = 

= Y 1 (e^ +x ^ 1 \-(x 2 + x )- 2 ) m v, -x /(x 2 + x )x 2 ) ■ 

. e x 2 L(l) e (2r+l)7riL(0) ;r -2L(0) (7.24) 



e X2l 



or equivalently, the conjugation formula 

• e (2r+l)^0) x -2L(0) yi( ^ o 

yi(e (x 2 +x )L(i) ( _ (;r2 + a . o )-2)L(o) u> _a; /( X2 + ^q)^) (7.25) 



e x 2 L(l) e (2r+l) 7 riL(0) x -2L(0) y / 2L(0) e -(2r+l) 7 rjL(0) e -o ;2 L(l) 



for v G V, acting on the module W\. But formula (7.25) follows from Lemma 
5.2.3 of [ FHL and the formula 

e (*+i)»ii(0)y i(B) x)e -(2r + i) mm = Yl ((-1) L (°) V , -x), (7.26) 

which is a special case of (7.10). This establishes the Jacobi identity, and 
the L{— l)-derivative property follows from the same argument used in the 
proof of Theorem 5.5.1 of [ FHTJ . Finally the relation (7.14) is obtained by 
combining the argument in the proof of Proposition 5.3.1 of |[FHL|| and the 
formula 

e (2r+l)7TiL(0) X 2L(0) e xL(l) X ~2L(0) e -(2r+l)7TiL(0) _ e -x~ l L(l) (7.27) 

on W\, whose proof is similar to that of formula (5.3.1) of ||FHL|| . □ 

Remark 7.4 This argument shows that for any r,s G Z, formula (7.14) 
generalizes to: 

A s {A r {y))=y [0>r+s+1>0] . (7.28) 

From Proposition 7.1, for any integer r\ we have an isomorphism Q ri 
from VwiWz ^° Vwlwv an d fr° m Proposition 7.3, for any integer r 2 we have 
an isomorphism A T . 2 from V^ Wl to V^W • By Proposition 7. 1 again, for any 

w 

integer r% there is an isomorphism, which we again denote Q rs , from V w ^ w i 

to V^) W2 . Thus for any triple (r 1? r 2 , r 3 ) of integers, we have an isomorphism 

f2 r3 o A T2 o Q n from V^ Ws to V^) W2 . Let y be an intertwining operator in 

Vwtw 2 anc ^ w ( 2 )> w (3) elements of W\, W 2 , respectively. From the 
definitions of Q ri , A T2 and Q ra , we have 

((tt ra o A r2 on ri )(y)(w[ 3) ,x)w {2 ),w {1) } Wl = 

= (e xL ^A r2 (Q ri (y) ) {w m , e^ +1 ^x) w{ 3) , w (1) ) Wl 

= (A r2 (a i (^))(«;( 2 ),e^ +1 ^x)«;' ( 3 ) ,e^ 1 )«; {1) ) Wl 

= ( W ' (3) ,fi ri (y)(e- 3;L ( 1 )e( 2r2+1 ^ L ( )e- 2 ^ 3+1 ) mL ( )x- 2L ( )«; (2) , 

= ( W ; 3) ,e^" li (- 1 )^(e a:i ' (1 ^ (1 ),e( 2ri+1 > i e -^+ 1 ) 7ri x- 1 ) • 

. e -^(l) e (2r 2+ l)^(0) e -2(2r3+l)^(0 );r -2r(0) W(2) ^ g 
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(e~ x li(1 V (3) , y{e xLil) w {l)l e^^x- 1 ) 



y (3)' 

-*L(l) e (2(r a -ar 8 -l)+l) W iL(0) a .-2L(0) u;(2) ^ g- (7>2g) 



From (7.29) we see that f2 r3 o y4 r2 o Q n depends only on r 2 — 2r 3 — 1 and 
ri — r 3 , and the operators f2 r3 o 74 r2 o fi ri with different ri — r3 but the 
same r 2 — 2r3 — 1 differ from each other only by automorphisms of V w %y 2 . 
Thus for our purpose, we need only consider those isomorphisms such that 
r\ — r 3 = 0. Given any integer r, we choose two integers r 2 and r 3 such that 
r = r 2 — 2r 3 — 1 and we define 

B r = r3 o4o0 r3 . (7.30) 

From (7.29) we see that B r is independent of the choices of r 2 and r 3 and 
that (4.31) holds. This proves Proposition 4.9. 
Set 

N WlW2 w 3 = N W * W2 . (7.31) 
Then from Proposition 7.1 we have 

N WlW2 w 3 = N W2 w lW3 (7.32) 

and from Proposition 7.3 we have 

NwiWaWs — NwiWzWii (7.33) 
so that we obtain (cf. formula (5.5.8) of |[FHL|| ): 
Proposition 7.5 For any permutation a of {1, 2, 3}, 

N Wl w 2 w 3 = N WiT(1) w <2) w a{3 y D (7.34) 



8 Commutator formula for vertex operators 

on (W 1 (g) w 2 y 

We prove Proposition 5.2 in this section. The reader should note the well- 
definedness of each expression and the justifiability of each use of a 5-function 
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property in the argument which follows. Let A G (W\ <S> W2)*, v±,v 2 G V, 
W{i) £ Wi and W( 2 ) &W 2 . By (5.4), 

( Y Q(z)( V l, X l) Y Q(z)( V 2,X 2 )X)(w {1) ®W {2) ) = 

= Res yi x^S (^--) ( Y Q(z)( v 2,x 2 )X)(Y*(v 1 ,y 1 )w {1) ®w {2) ) 

-Res^x^tf ( Y Q(z)( v 2, x 2 )X)(w {1) <g> Y 2 (v u yi)w {2) ) 

= Res yi Res y2 Xi 1 5 ( — ) a;^ 1 ^ ( — — 

■K Y i( v 2,y2)Y 1 *(v 1 ,y 1 )w {1) (g)w {2) ) 
— Res^Res^a;^ ^— — x^S ^- — —^j ■ 
•H Y i(vi, Vi)w(i) <8> Y 2 (v 2 , y 2 )w (2) ) 

— Res^Res^a;^ 1 ^ ^ — ^ x 2 x S ^— ^ ■ 

•A(y 1 *(u 2 , 2/ 2 )w ( i) <g> Y 2 (v u yi)w {2) ) 

+Res yi Res V2 x^ 1 5 ^ — ^ £ 2 M ^ — ■ 

•A(w(i) ® F 2 (w2, 2/2)^2(^1, 2/i)w(2)). (8.1) 
Transposing the subscripts 1 and 2 of the symbols v, x and y, we have 
( y Q( z )(^2,a;2)yQ( z )(wi,a;i)A)(w (1) <8>w (2) ) = 

= Res^Res^xJ 1 S { — ) ajr 1 ^ ( — 

V a; 2 / \ ii 

•A(Kj*(vi, yi)17(u2, 1/2)^(1) <g> w {2) ) 

— Res^Res^x^ 1 ^ ( — ) x^ l 5 ( — 

\ x 2 J \ —X\ 

•\(Y*(v 2 , y 2 )w (1) <g> Y 2 (v 1: yi)w {2) ) 

— Res^Res^a;^ 1 ^ ( - — — ) x~[ 1 5 (— 

V — x 2 ) V X\ 

'HY*(vi, yi)w {1) <g> F 2 (t; 2 , y 2 )w {2 )) 

+Res V2 Res Vl x 2 1 5 ( — ] x7 1 5 ( — 

V -x 2 J \ —xi 

■\(w (1) <g> Y 2 (v u yi)Y 2 (v 2 , y 2 )w (2) ). (8.2) 
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The equalities (8.1) and (8.2) give 

([ Y Q(z)(Vi,Xi),Yq(z)(V2,X2)]*)(W(1) ® ™(2)) = 

= Res^Res^rrf 1 ^ ( — — - J a^ 1 ^ 



A([^r(^ 2 , 2/2), yi)]^(i) ® w (2) ) 

—Xi J \ —x 2 

A(w ( i) <g> [y 2 (ui, yi),>2(^2,y2)]w ( 2)) 



— Res y2 Res yi a; 1 x 5 ^ — ^ x 2 1 5 



Res^Res^a^ 1 5 ^— — x 2 1 5 



Xi j \ x 2 

•A ( Res^y-f^ ( Vl X ° J Y*(Y(yi,x )v2,y2)w(i) <g> w$) 



-Res J/2 Res yi a; 1 1 5 ^ — ^ x 2 x 5 ^ — ^ 



Xi / \ -x 2 

•A ^iu(i) <g> Res^y^S {~\~ \ ^O^i, x )v 2 , 2/2)^(2) 



= Res^Res^Res^Xj^ x 5 ^— ^ x 2 M ^— — y 2 1 S 



yi -^)x^S y -^)y^S 
Xl J \ x 2 J V 2/2 

■\(Y*(Y(v u xo)v 2 ,y 2 )w^) ®W(2)) 



-Res^Res^Res^ x 5 ( - — — ) x 2 1 5 (- — — ) y 2 1 5 ( — — — 

V — xi / V — x 2 / y y 2 

•A(w(i) <g> F 2 (F(wi, x )w2, y2)w {2) ). 



Since 



\ yi J \ V2 J \ x 2 + z t 

_ ls fx 1 +z\ _ ± fx 2 + z\ _ ls .fX!-X \ 



yi J v x 2 j \ x 2 
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and 



V2 



= L?J-* 2+!/2) l=^J z I i J 



X 2 



J y 2 -^ ( 


f y\ - x 

V 1/2 


) 2/ 2 -^ ( 


'yi - x 
, y 2 


yi - x s 


) 






1/2 + X S 


) 


yi , 





-i x fx 1 -x \ _! fz-y 2 \ _ ± jy 2 + x \ , , 

= x 2 5 ^— — ) x 2 5 ^— ) yi 5 (— — j , (8.5) 

(8.3) becomes 

([^Q( 2 )K,a ; i)^Q( z )(^2,a:2)]A)(u'(i) ® w (2) ) = 

= Res^Res^Res^i/r 1 ^ [ — — - ] Xo 1 ^ f— — Xa 1 ^ f— — — ^ • 

\ yi J \ x 2 J \ x 2 J 
•X(Y*(Y(v 1 , x )v 2 , y 2 )w { i) <g> w (2) ) 

— Res :Co Res ?;2 ReSy 1 x 2 6 I x 2 o \ I y 1 6 1 ' 



x 2 J \ -x 2 J \ yi 
•A(w(i) <g> Y 2 (Y(vi, x )v 2 , y 2 )w( 2) ) 



= Res xo x 2 d 

V x 2 

12 

X 2 



Res^a^M (— — -) \(Y*(Y(vi, x )v 2 ,y2)w(i) <8>W(2)) 



Res y2 x 2 1 5 _J 2 ^j K w (i) ® Y 2 (Y(vi,Xo)v 2 , 2/2)^(2)) 
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= Res^a^M y 1 ° j (Iq^Q^i, x )v2, a: 2 )A)(ty(i) ®w (2 )). (8.6) 

Since A, u^) and W( 2 ) are arbitrary, this equality gives the commutator for- 
mula for Yq, z y completing the proof of Proposition 5.2. 

Remark 8.1 The proof of Proposition 5.2 suggests the following: Using the 
definitions (5.1) and (5.2) as motivation, let us define a (linear) action <tq( z ) of 
V®L + C[t,t, (z+t)' 1 ] on the vector space W\ <g> W 2 (as opposed to (Wi®W 2 )*) 
as follows: 

<TQ(z) (0( w (i) ® w (2 )) = r m (T*^)^(i) ® w { 2) - w {1) <g> % 2 (T+0«J (2 ) (8.7) 
for £ G V" (g) t+C[£,£ _1 , (z + i) -1 ], iU(i) G W 7 !, W( 2 ) G W 2 , or equivalently, 

o-Q(z) (V 1 ^ - — ) it(u,a;o)) (™(i) ®w (2) ) 

(37 ^ — 2^ \ 
Yi*(u, Xi)W(i) ® W( 2 ) 
Xq / 

^_ lr [Z-Xi 



-x 81 )w(i)®Y 2 (v,Xi)w(2). (8.8) 

V —xq / 

That is, the operators ctq( z )(£) and tq( 2 )(£) are mutually adjoint: 

( r Q(,)(0A)(w ( i) <g> u> (2) ) = A(<7 Q( 2)(0(w(i) ® w (2 ))). (8.9) 

While this action on W\ ® W 2 is not very useful, it has the following three 
properties: 

a Q{z) (Y t (l,x)) = l, (8.10) 
j-a Q{z) {Y t {v,x)) = a Q(z) (Y t (L(-l)v,x)) (8.11) 

for v G V, 

[<7Q(z)(Y t (v2, X 2 )), (TQ( z )(Y t ( Vl , Xi))] 

= Res^xT 1 ^ I )vQ(z){Yt{Y(v 1 ,Xo)v 2 ,x 2 )) (8.12) 

\ x 2 J 

for fi,t>2 G V (the opposite commutator formula) . These follow either from 
the assertions of Propositions 5.1 and 5.2 or, better, from the fact that it was 
actually (8.10)-(8.12) that the proofs of these propositions were proving. 
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9 Some useful formulas 



In this section, we shall prove some formulas which will be useful in the next 
section. 

Let A G (Wi <g> W 2 )*, W(i) G Wi and wp) G W 2 . From the definitions of 
L'q,J0) and of tq( z ) (see Section 5), we have 

( L Q(z)(°) X )( W {l) ®W(2)) = 

= (t q(2 )(u; <g> *)A)(iU(i) <g> tw( 2 )) 

= A((L(0) - ® w (2) ) - A(«;(i) <g> (L(0) - zL(-l))w {2) ), (9.1) 

where we have used the same notations L(0), L(— 1), 1/(1) to denote the ac- 
tions of the corresponding elements of the Virasoro algebra on both W\ and 
W 2 . For conveience we write L(—l) = L'q^(— 1), L(0) = Lq^(O) and 
L(l) = Lq^(1) in the rest of this paper. There will be no confusion since 
the three L(0)'s act on different spaces. 

Lemma 9.1 For A G (W 1 ® W 2 )*, G Wi and tU( 2 ) G W 2 , we have 
( V\\ m \ 

(1- — 1 Aj(uj(i) (8)W(2)) = 

// «,\L(0)-zI(l) / y x -(L(O)-zL(-l)) x 

= M ^(D® ^(2) • (9-2) 



z ) 

Proof From (9.1) we have 

L(0) 



yi\ ( ' 

1 J A)(W(i) (g) W (2 )) = 

= A(e ^-#))io g (i-f) ffi(1)0e -Wo)^(-i))iog(i^) ffi(2)) 

„ yi xL(0)-,L(l) , v-<L(0)-,L(-l)) v 

(A tJ w w®\ 1 --) w (2)j- d ( 9 - 3 ) 



Lemma 9.2 For v G V, 

(9.4) 

This formula also holds for the vertex operators associated with any V- 
module. 
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Proof The identity (9.4) will follow from 

e yL{0 % (z) (v,x)e-y L ^ = Y^e^v^x). (9.5) 

This is analogous to formula (5.2.37) of [|FHL| , but it is different because 
here we have e y , not y; also, the proof of (5.2.37) in ||FHL|| uses the grading 
of the module, which we do not have available here. To prove (9.5) assume 
without loss of generality that wt v — h £ Z, and use the L(— l)-derivative 
property (5.6) and the commutator formula (Proposition 5.2) to get 

[L(0),Y^ z) (v,x)] = ^ + hjY^ z) (v,x), (9.6) 

which is the case n = of (2.6.2) of [|FHL|| . Exactly as in Section 2.6 of 



FHL], we obtain the desired result. □ 



Lemma 9.3 Let L{— 1), L(0) be two operators satisfying the commutator 
relation 

[L(0),L(-1)]=L(-1). (9.7) 

Then 

/ „. x L(0)-zL(-l) 

e^^fl-^j . (9.8) 



Proof We first prove that the derivative of 

(1 _ x )£(o)-*M-i)(i _ x yL(o) e -zxL(-i) 

is 0. Write A = (1 - x )i(o)-*i-(-i) j b = (1 - x)- L ^°\ C = e - zxL ^ x \ Then 

-^-(ABC) = -A(l-x)-\L($)- zL(-l)))BC 
ax 

+A(l-x)~ 1 L(0)BC 

-zABL{-l)C. (9.9) 
Using (5.2.12) of HFHE| we have 

BL(-l) = (1 - x)- L{0) L(-l) 

= e (-log(l-x))L(0) L (_ 1 ) 

= L(-l)(l- rcT^l -x)- 1 

= (1 -x)~ l L(-l)B. (9.10) 
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Substituting (9.10) into (9.9), we obtain 

^-(ABC) = -A{l-x)- l L{Q)BC + zA{l-x)- l L(-l)BC 
ax 

+A(1 - x y 1 L{<d)BC - zA(l - x)- 1 L{-l)BC 
= 0. 



Thus ABC is constant, and since ABC 
is equivalent to (9.8). □ 



= 1, we have ABC = 1, which 

x=0 



10 Jacobi identity for vertex operators on a 
certain subspace of (W\ ® W2)* 

We prove Theorem 6.1 in this section. The reader should again observe the 
justifiability of each formal step in the argument; sometimes this is quite 
subtle. 

Let A be an element of {W\®W2)* satisfying the compatibility condition, 
that is, (a) the lower truncation condition: for all v G V, 

T Q(z)(v <g> t n )\ = for n sufficiently large, (10-1) 

or equivalently, for all v e V, 

Y Q(z)(v,x)\ = T Q{z) (Y t (v,x))X 

= J2 t q[z) (v ® t n )\x- n ~ l for some N E Z, (10.2) 

n<N 

and (b) the formula 

T Q(z) (x^S [~~~) ^o)) A = 

= x^5(^^jY^ z) (v,x )\ forall^ey. (10.3) 

By (5.2) and (5.4), (10.3) is equivalent to 

Xq 1 5 H Y l( V , ^l)^(l) ® W (2)) 

\ Xq / 
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) A(tu ( i) ® Y 2 (v, xi)iu(2)) 

- Res yi Xo ^ (^T 1 ) ® yiV(2))) (10.4) 

for all v G V, G W^i and wi 2 \ G W^- Note that on the right-hand side 
the distributive law is not valid since the two individual products are not 
defined. One feature of the argument which follows is that we must rewrite 
expressions to allow the application of distributivity. 
By (5.4), we have 



X ° l6 x Q X2 ) Y Q(z)( Vl ' Xl> > Y Q(z)( V2 ' x ^ X ) ( w (i) ® w (2)) 
= x o l5 Xq X2 ) ( Y Q(z)( v ^ x i) Y Q(z)( v 2,x 2 )\)(w m <g> w (2) ) 
= x^ l 8 ^— — — ^ ^ Res^x^ 



x 

( Xi - x 2 

Xq 

Xl — — ) ( Res^xr 1 ^ ( — — Z 
x J \ yi \ x x 

■ ( Y Q(z) (V 2 ,X 2 )\) (Y* ( Vl , y x ) W {1) <g> W(2) ) 

- Res^x^tf ( J { Y Q{ z )i v ^ x 2 )X)(w(i) <g> Y 2 (v u yi)w {2) ) 

= Xq X 5 — — ^ ^ Res^x^ ^— — Res y2 x 2 1 5 ^— — - 
■\(Y±(v 2 ,y 2 )Y*(v 1 ,y 1 )w( 1 ) <g> w (2 )) 

- Res Vl Xi o Res„,x 2 o 

V xi J \ -x 2 

•K Y i( v uyi) w W ® Y 2 (v 2 ,y 2 )w {2) ) 

- Res yi x^5 ( J ( y q( z )( v 2, x 2 )X){w {1) <g> Y 2 (v u yi)w( 2 ))) • (10.5) 

From the properties of the formal (^-function, we see that the right-hand side 
of (10.5) is equal to 

x ° 15 ( P~xf^ ) ( Res y^ 5 ( ~^~~ ) Res 2/22/2"^ 

•A(yi*(?;2, x 2 + z)Y{(v 1 , xi + z)w(i) ® u> (2) ) 
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■\(Y*(v 1 ,x 1 + z)w {l) <g> Y 2 (v 2 , Z/ 2 )w(2)) 

- ReSy.x^S {-—^-) ( Y Q(z)( v 2, x 2 )X)(w {1) ®Y 2 (v 1 ,y 1 )w i2 )) 

= x^S y — j y\(Y*(v 2 , x 2 + z)Y*(v!,xi + z)w m <g>W( 2 )) 

- Res^xJ 1 ^ ( Z _ V2 J A(y i *(«i,xi + z)w(i) <g> F 2 (^2, 2/2)^(2)) 

- Res^M (*q(*)( u 2, x 2 )A)(w ( i) <g> y 2 (ui, J/i)u>(2))) ■ (10.6) 

From the L(— l)-derivative property for Y\ and Y{ and the commutator for- 
mulas for L(— 1), yi(-,x) and for L(l), y,*(-,x), we obtain 

y^x + s) = yi(e zL(-1) u,x) 

= e zL ^Y 1 (v,x)e- zL ^ 

n Jn 

= E^^M, (10.7) 

n>0 ' 4 - 



and 



Y*(v,x + z) = Y*(e zL{ ~ l) v,x) 

= e- zL{1) Y*(v,x)e zL{1) 



7 ri Jn 

= ElrfV^)- (10-8) 

(Note that all these expressions are in fact defined.) Using (10.8), we see 
that the right-hand side of (10.6) can be written as 

x^S {^f 1 ) {\{Y:{e zL{ - 1 \ 2 ,x 2 )Y*{e zLi -- l \ l ,x l )w {l) ® w {2) ) 

- Res^x^M (- — — ) A(y i *(e" :L{ ~ 1) t;i,a;i)w(i) <g> Y 2 (v 2 , y 2 )w( 2 )) 

V —x 2 J 

- Res^x^M (-3^) ( Y Q(z)( v 2, x 2 )X)(w {1) <g> Y 2 [y x , yi)w {2) ) 
= x^S (^f 1 ) (xie-^Y^v^x^iv^xJe^wu ® «, (2) ) 
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- Res y2 x^5 i^rf) Ke- zL(1) Y{(v 1 ,x 1 )e zL ^w {1) ^Y 2 (v 2 ,y 2 )w { ^ 

- Res yi x^5 {-—^) ( Y Q(z)( v 2,x 2 )X)(w {1) <g> r 2 (^i,Z/i)w (2 ))). (10.9) 

Note that it is easier to verify the well-definedness of the terms on the right- 
hand side of (10.6) than that of the terms in (10.9), though (10.9) is some- 
times easier to use if it is known that every term is well defined. Below we 
shall write expressions like those on the right-hand side of (10.6) in whichever 
way suits our needs. The distributive law applies to the right-hand side of 
(10.6) (or (10.9)) since all three of the following expressions are defined: 

\(Y{(v 2 ,x 2 + z)Y*(v 1 ,x 1 + z)iu(i) <S> W(2)), 

Xq / 

x 1 5 (~^— -) ReSjftXj 1 ^ ( ~^~ ) *0?( u i> an + 2 ) w (i) ® ^2(^2, 2/2)^(2)), 

(~^T~^) Resj/i^r 15 ( y Q( 2 )( u 2,a:2)A)(w (1) ® F 2 K,yi)w(2)). 

Now we examine the last expression in (10.9). Rewriting the formal 5- 
functions x^5 i^ 2 ) and x^5 (*E*f), and using (9.4) and the fundamental 
property of the 5-function, we have: 

_! /Xi - X 2 \ _! f Z - J/J 

x ^ J Kes 2/1 x 1 ' 



x / V —X\ 

i Y Q(z)( V 2,X 2 )X)(w {1) ®Y 2 (v 1 ,y 1 )w {2) ) 



1 M L(0 V' /7i ^V i(0) X2 



1 - yi/z 

( V\\~ m \ 

( 1 — J A) («;(!) <g> y 2 (ui, yi)^(2)) 



2; / \x 1 /zj \ -^r I " \ -Xi/z 



-Xi/z 
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•(i-j) ^^K)®^^!,!/!)^)). (10.10) 

By (9.2) and (10.3), the right-hand side of (10.10) is equal to 



y \ L(0)- 2 L(1) 
1 - - lU(i) ® 



Z ) 



®(i-— J >2(^i,yi)w( 2 ) J 



-Xi/z 



■T2 



\X\jZ 



xi /z 



y n L(Q)-zL(l) 
1 IW(i) <g> 



y x X -L(0)-2i(-l) 



z 

By (5.2), the right-hand side of (10.11) becomes 



-2 / 

i--) n(ui,j/i)«;( 2 )). (io.il) 



xi/z 



-xi/z 



yi\~ L (°\ \ ( ( ( yi \- L M Xo 



1 - —J W(l) 0(1- — ) i2(Ul,yi)tU(2) 

^2 r 1 */'*-^ r^.y^-^ 
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( Vl \(L(0)-zL(-l)) xx 

•(l-fj Y 2 (v 1 ,y 1 )w {2) jy (10.12) 

Using (9.2) again but with 1 — y replaced by (1 — ^j) -1 , rewriting formal 
(^-functions and then using the distributive law, we see that (10.12) is equal 
to 

Res m x^5 [^/fj (~x?5 (^) • 

affi-^r ( ~V;ffi-^r i( \, ^ 



z) \\ z) , -(l-y 1 /z) 

yi ^L(0)-zL(l) 



1 J W(i) ®Y 2 {v 1 ,y 1 )w { 2) J 

■Yj(i-y±Y m V2 , ^ 



(l-Vi/*) 

/ yA -(i(O)-ai(-l)) 

•(^1-— J Y 2 (v 1 ,y 1 )w {2) ) 
r> -i x (l-yi/z\ -i j-^o-ari 



-Xi/z / V —x 2 



y .-(L(0)-zL(l)) y x \~m x 



•a i-^ ir i-T 



z/ VV W '-(1-j/i/z) 

y x L(0)-zL(l) 

l w(i) <E>>2(^i,yi)w(2) 



z 



/ m \ -(L(0)-*L(-1)) 

•(i-jj n(^i,yi)^ ( 2)). (10.13) 
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But by (9.8) and (9.4), 



-(i-yiA) 



= e yiL( - 1) F 2 (t; 2 ,-a;o)e- J ' lL( - 1) 

= ^2(^2,-^0 + 2/1) 

= ^2(^2, -x - (^ - yi) + 2) 

= y 2 (e* L( -% 2 , -x - (^ - yi))- (10.14) 
We similarly have (using (9.8) and (9.4) for Y^t^x) and then using (3.22)) 

= 17(^2, -a^o + yi) 

= 57*^2, -x - (z - yi) + z) 

= ^(e^ - V -x - (z - yi )). (10.15) 

Substituting (10.14) and (10.15) into the right-hand side of (10.13) and then 
combining with (10.10)-(10.13), we obtain 



X ° 16 x Q X2 ) Res vi x i 15 (~Z^~) ( Y Q{*)( V 2> X *) X )( W <X) <g> Y 2 (v 1 ,y 1 )w (2) ) 
= - Res^S (^) x?6 (^i) • 



•A(l? (^2, -»o - (z ~ Vi) + 2 ) w (i) ® ^2(^1, yi)^(2)) 

•A(w; ( i) ® 12(^2, -x + 2/1)^2(^1, yi)w(2))- (10.16) 

(We choose the form of the expression from (10.15) in anticipation of the 
next step.) 
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By the properties of the formal 5-function, the right-hand side of (10.16) 
is equal to 

-x?6 i^^ 1 ) (^) • 

•X(Y*(v 2 , -x + x 1 + z)w(i) <g> Y 2 (v u yi)w(2)) 

•A(w(i) ® Y 2 (v 2 , -x + yi)Y 2 (vi, yi)w( 2) ) 
= —x 2 o y J Res^rr-L o 



x 2 J \ -x 1 

■X(Y*(e zL ^v 2 , x 2 )w {1) <g> r 2 (ui, J/i)w (2) ) 

+^ (^°) Res^r 1 * (^) • 

•A(w(i) <g> Y 2 (v 2 , -x + yi)Y 2 (vi, yi)w {2) ). (10.17) 



Since 



Res y2 y 2 1 5 = x > 

the right-hand side of (10.17) can be written as 

-x 2 5 {—^) Res yiXl 5 [ — 

■\(Y?(e zL (- 1) v 2 , x 2 )w {1) <g> Y 2 ( Vl , yi)w {2) ) 

+x 2 1 5(— — — ^ Res„ rrr 1 ^ f - — — ^ Res^yr 1 ^ ( __E2_jlKl ] . 
V x 2 / V -xi / V J/2 J 

•A(w(i) <g> F 2 (^2, -a: + y\)Y 2 {v 1 , yi)w (2) ). (10.18) 
Again by the properties of the formal (^-function, (10.18) becomes 

Xn 1 ^ | — -| ReSy.x^d ( — 

V -x / V -xi 

■\{Y*(e zL{ - 1] v 2 , x 2 )w {1) <g> y 2 (ui, yi)w (2 )) 

+x 2 " 1 5 (— — — ) Res^a^M ( - — — ) Res^y^tS ( — — — 
v x 2 / \ —xi j \ y 2 

•A(w(i) <g> F 2 (^2, 2/2)^2(^1, yi)^(2)) 
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x?6 Res^.r^ (^f) • 

■X(Y*(e zL ^v 2 , x 2 )w {1) <g> y 2 (ui, S/i)w(2)) 
+a;^ 1 (5 Res^ Res^a;^ 1 ^ f — ^ y^ 1 ^ 



•A(«7(i) <g> Y" 2 (^ 2 , 2/2)>2(^l, yi)W(2)) 

•A(F 1 *(e 2L( - 1) t; 2 , x 2 )w (1) <g> r 2 (^, yi)w (2) ) 
— Xo 1 ^!— — — 1 Res,,, Res 



X2 



z-yi \ - ls (V2-y\ 



•A(«;(i) <g> F 2 (^ 2 , 2/2)^2(^1, yi)^(2)) 

= a* 1 * (p^) Res yi x^5 (^1) ■ 

^(^(e^-^ua, x 2 )w {1) <g> y 2 (ui, yi)w (2) ) 

— a;^ 1 ^ ( — J Res yi Res^a;^ 1 ^ ( — ) x$ l 5 ( — — — 

V x 2 / V — x 2 J V — a^o 

■X(w {1) <g> r 2 (t; 2 , y 2 )y 2 (^i, yi)w (2) ). (10.19) 
Substituting (10. 16)-(10. 19) into (10.9) we obtain 

v^ ^ ( ^a^ ) y QM( Ul ' Xl W«( U2 ' X2 ) A ) ® w (2)) 

= (flZ^ A(F 1 *(e^- 1 )t; 2) a: 2 )F 1 *(e^- 1 )t; 1 ,a: 1 ) W(1) ® W(2) ) 
V a; / 

-a* 1 * (^-^) Res^x-5 (i^) ■ 

.A(y 1 *(e* L( - 1) ui, xi)w(i) <g> F 2 (t; 2 , a; 2 )u> (2) ) 
— a; I I Res^a^ 



-x / V -xi 

■X(Y*(e zL{ - 1) v 2 , x 2 )w (1) <g> y 2 (ui, 2/1)^(2)) 

+a>T 1 5 ( — — — ) Res yi Res y2 x 2 1 5 ( - — — ) ( — — — 
\ x 2 J V —£2 / V -x 

■X(w {1) <g> r 2 (t; 2 , y 2 )r 2 (vi, yi)w (2) ). (10.20) 
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Now consider the result of the calculation from (10.16) to (10.19) except 
for the last two steps in (10.19). Reversing the subscripts 1 and 2 of the 
symbols v, x and y and replacing x by — x in this result and then using a 
property of the formal 5-function, we have 



x n 1 5 { — -) Res,, r ,x 9 1 5 



^ \ _ XQ J v 



Xi)A)(w (1) <g> F 2 (V2, V2)W(2)) 

-I, /&i -^2\ tj -I, (z -y 2 
= x 5 Res m x 2 5 



-In X 5 



x / \ -x 2 

•A^e 2 ^- V, m)w(i) <g> F 2 (v2, x 2 )w ( 2)) 

I ^ — ^£ J R eSyi Res^x^ 1 ^ ( - — — ) x$ l 5 ( — — — 

V X 2 / V — X2 / V Xq 

•A(w(i) <8>Y 2 (vi,y 1 )Y 2 (v2,y2)w(2))- (10.21) 



From (10.5)-(10.9), again reversing the subscripts 1 and 2 of the symbols v, 
x and y and replacing x by — xq, and (10.21), we have 

(~ x o l5 { X2 _ x ^ ) Y Q(z)(^ x 2) Y Q(z)( v u x i) ■ A ) (w(i) ® W( 2) ) 

= f^l^j A(y;( e ^V*i)W L( ~V^Mi) ® w (2) ) 

+x -^ (^f) R^xr 1 * (^) • 

■X(Y*(e zL{ - 1) v 2 , x 2 )w {1) <g> r 2 (^, j/i)iu(2)) 
+^ (^-^) Res^M (i^) • 

•A(Y 1 *(e 2i( - 1) ^i, xi)w ( i) <g> y 2 (v 2 , x 2 )w (2) ) 

— a^ 1 ^ ^— Res yi Res^a;^ 1 ^ ^ — *5 ^— — — ^ • 

•A(w (1) ®y 2 (^i,yi)y 2 (v 2 ,y 2 )«; (2) ). (10.22) 
The formulas (10.20) and (10.22) give: 

_;r o 15 ( ^~ ) ^W^'^^ow^i.^i))^^) ® ^(2)) 
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= A((a: 1 5 (^^) Y*(e^-% 2 ,x 2 )Y*(e^-% 1 ,x 1 ) 

-x?6 (^3^) Y*(e zL ^v 1 ,x 1 )Y 1 %e zL( -^v 2 ,x 2 ^w {1) ®w i2 ^j 

—Xo 1 ^ ( — ] Res,,, Res„ 2 a; 2 1 S ( — ) ■ 

V x 2 J \ -x 2 J 

■\[w(i) ® (xq X S { J Y2{vi,yi)Y 2 (v 2 ,y 2 ) 

~ x o 1S (^f) ^Kjfe) y 2(vi,yi))w ( 2)). (10-23) 

From the Jacobi identities for Y* and Y 2 and the exponentiated form of the 
formula for the commutator of L(—l) and the vertex operators Y(-,xq) (cf. 
(10.7)), the right-hand side of (10.23) is equal to 

x 2 l 8 {^f 1 ) A(r i *(F(e 2L (- 1 )^ 1 ,x )e 2i (- 1 )t; 2 ,a; 2 ) W(1) ® w {2) ) 

— Xo 1 ^ ( — -j Res,,, Res^x^ 1 ^ ( — ) y 2 l 5 I — — — ] • 

V x 2 J V -x 2 J \ y 2 J 

•A(w ( i) <g> Y 2 (Y(v u x )v 2 , y 2 )w (2) ) 



x 2 



V X 2 / 

-lr^i-^oA o D -ijj/s-jfiA -i x (vi-xq 
-x 2 o I I Res s/1 ReSj /2 x 2 o I J y 2 o 1 



ar 2 / ' " \ -x 2 / \ y 2 J 

•A(™ ( i) g> y 2 (^(vi, ^oK y 2 )w (2) ). (10.24) 

Using (10.8), evaluating Res^ and then using the definition of Yq, z \ (recall 
(5.4)), we finally see that the right-hand side of (10.24) is equal to 

X 2 X 8 ^ x X ° ^j KY*(Y(vi,Xq)v 2 , X 2 + Z)W(l) g> W( 2 )) 

-x 2 H (^-=-^) Res^xj^ (^) ■ 

•A(w(i) ® Y 2 (Y(v!, x )v 2 , y 2 )w {2) ) 
= x?5 (^r^) {Y^Y^x^x^w^ ®w m ), (10.25) 

proving Theorem 6.1 in [HTJ. 
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11 Stability of certain subspaces of (Wi<S)W 2 )* 
under the action of vertex operators 

We prove Proposition 6.2 in this section. 

Let A be an element of (Wi <g) W 2 )* satisfying the compatibility condition. 
We first want to prove that each coefficient in x of Yq^(u, xq) y q( z )( v , x)\ is 
a Laurent series involving only finitely many negative powers of x and that 

tq(z) ^5 z X ° ^j Y t (u, xofj Yq (z) (v,x)\ 

= z' l 5 (^^) Y> iz) (u,x )Y> {z) (v,x)\ (11.1) 
for all u, v G V. Using the commutator formula for Yq^, we have 

Y Q(z)( U , X o) Y Q{z)( V , X ) X = 

= Y Q(z)(v,x)YQ {z) ( y u,x )\ 

- Res^ (^V-) Y^ z) (Y(v,y)u,x )\. (11.2) 

\ Xq / 

Each coefficient in x of the right-hand side of (11.2) is a Laurent series in- 
volving only finitely many negative powers of xq since A satisfies the lower 
truncation condition. Thus the coefficients in x of Yq^(v,x)X satisfy the 
lower truncation condition. 
By (5.2) and (5.4), we have 

tq{z) {z^S ( — - X ° ) Y t (u,x ^j Y^ z) (v,x)\j (w (1) ®w (2) ) 
Xo ) (YQ( g )(v,x)\)(Y?(u,x 1 )w w ®w ( 2)) 
— ) ( Y Q{z)( v , x ) x )( w (i) ®Y 2 (u,x 1 )wp ) ) 

Xq / 

= X^S (-^— ) (*( Y *( V > X + Z ) Y *( U , x l) w (l) ® «7( 2 )) 

- Res^x" 1 ^ ^ - _^ 2 ^) A(Y 1 *(m,xi)w(i ) <g> F 2 (^, x 2 )iu(2))^ 



(\(y i *(e zL (-%,x)w {1) ®Y 2 (u,x 1 )w {2) ) 



-Xq 



- Res X2 x 1 S (^—^-^j \(w {1) ®Y 2 (v,x 2 )Y 2 (u,x 1 )w (2 ))y (11-3) 
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Now the distributive law applies, giving us four terms. Inserting 

Res^xJ 1 ^ (- — = 1 



X4 



into the first of these terms and correspondingly replacing x + z by X4 in 
Y*(v, x + z), we can apply the commutator formula for Y* in the usual way. 
Also using the commutator formula for Y 2 and properties of the 5-function, 
we write the right-hand side of (11.3) as 

x^S ( — — - ) X(Yi(u, xi)Y* (v, x + z)w(i) <g> W( 2 )) 

\ Xq J 

•A(y 1 *(y('u, x 3 )u, xi)w(i) <g> w (2 )) 

-Xq x 5 (-^t~~) Resxa^ -1 ^ ( Z _^ 2 ^) M^TK ^0^(1) ® ^(v, X 2 )W( 2 )) 
-x^S ( Z —^\ \(Y*(e zL ^v,x)w {1) (g>Y 2 (u,x 1 )w {2) ) 

\ —Xq / 



+x 1 5^— — J Res^x ^ — j \(w w ® F 2 (m, xi)y 2 (^, x 2 )w (2) ) 

+Xq *5 ^ Res^x -1 ^ ^ Res^xj" 1 ^ ^— ■ 

•A(w ( i) (g) y 2 (^(u, x 3 )w,xi)w( 2 )) 
= (a^ 1 * (^^) \(Y*(u,x 1 )Y*(e zL (-%,x)w [1) ®w {2) ) 

-x^S A(F 1 *(e^- 1 ^,x) W(1) ® Y 2 (u,x 1 )w (2) )^ 

— Res To x x n 



x 

•X(Y*(u,Xi)w(i) ®Y 2 (v,x 2 )w {2) ) 
-x^S (^—p-^j K w (i) ®Y 2 (u,x l )Y 2 (v,x 2 )w i2) ) s j 

YRes X4 Res^xo + z)^5 ( - + — — — ) • 

V \ Xo + -2 / 

V x 4 / V x / 
•A(Y]*(Y(?;, x 3 )w, xi)w(i) <g> w (2) ) 
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— Res^ Res^x 1 5 ^- — x s) ^j x ^ ij ^1 + ^3 

■x l 5 (^£5^) ® i2(^(«, a; 3 )«, x 1 )w (2) )J . (11.4) 

By (5.2) and properties of formal 5-function, the right-hand side of (11.4) 
is equal to 

TQW (^^) y*(«,x )) A) (^(e^V^d) ® W(2) ) 

_ x (Z-X 2 



-x 



■ (tq{z) (z 1 S i ^ 1 z X ° ^j Y t (u,xofj Xj (w m <g> Y 2 (v,x 2 )w {2) ) 
Res^Xo 1 ^ ^ - X3 

■x 1 5 X(Y*(Y(v, x 3 )u, xjww W(2)) 

V Xq J 

— Res^x I 

•a^o 15 ® ^(^(u, x 3 )u, xi)iu(2))^ • (11.5) 

Using (5.2) and (5.4), we find that the right-hand side of (11.5) becomes 
y q(z)(v,x)t q(z) (V 1 ^ z X ° ^j Y t (u,x f) X^j (w {1) ®w {2) ) 



X 



• T Q{z)[z 1 5 (^ Xl ^ X ° ^j Y t (Y(v,x 3 )u,x )^X^(w {1 ) <g> my)). (11.6) 

By the compatibility condition for A and the commutator formula for Yq^, 
the right-hand side of (11.6) is equal to 

z ~ l & ~ ( 1 Q( Z )(^> a; ) y Q( Z )(w ) a; o)A)(w (1) <g>W( 2 )) 

(^) (Res, 3 x -^ (i^) ■ 
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= z~ l 5 - X ° ^j ^(y^ (z) (v,x)Y^ {z) (u,x q ) 

- ReS^Xo 1 ^ (— ^) Y Q(z)( Y ( V , X 3) U r X of)>^)(W(l) ® W(2)) 

= Z ~H (^^) (Y^ z) (u,x )Y^ z) (v,x)\)(w (1) ®w {2) ). (11.7) 

This proves (11.1) and hence the first part of Proposition 6.2. 

Finally, suppose that A G (Wi®W 2 )* satisfies the local grading-restriction 
condition. We want to prove that for any v G V, the components of 

Y^ z) (v,x)\ = J2T Qi z)(v®n\x- n - 1 

also satisfy the local grading-restriction condition. From (9.6), for n G Z the 
coefficient tq^(v <g> t n ) of x~ n ~ x in Yq,Jv, x) has weight wt v — n — 1, that 
is, Tg( z )(f ®t n ) maps a weight vector of weight h to a weight vector of weight 
wt v — n — 1 + h. Thus the components of Yq, z Jv,x)\ are sums of weight 
vectors since A is a sum of weight vectors. Now note that for any v G V and 
n G Z, the (graded) subspace Wr Q . )(u(g>t")A (recall the notation in part (b) of 
the local grading-restriction condition) is contained in the subspace W\ and 
since W\ satisfies (6.2) and (6.3), so must W TQ(z) ( v ® t n)\. Thus tq( 2 )(i> ®t n )\ 
satisfies the local grading-restriction condition for all v G V and n G Z, and 
the second and remaining part of Proposition 6.2 is proved. 
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